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Abstract
A matrix A ∈ Rn×n is an M-matrix if and only if the mapping x → −Ax is quasimono-
tone increasing (qmi) and if the right spectral bound of −A is negative. Here qmi is meant
with respect to the natural cone K = {x ∈ Rn : xk  0}. One possibility of generalizing M-
matrices is to consider qmi linear mappings on Rn with respect to other cones K ⊆ Rn. We
will present results on such mappings in the Banach algebra setting and discuss some special
cones. Moreover, by means of one-sided estimates it is possible to get informations on the
right spectral bound of qmi mappings.
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1. Introduction
Let (E, | · |) be a real Banach space. A set ∅ /= K ⊆ E is called a wedge if it is
closed, convex, and x ∈ K ⇒ λx ∈ K (λ  0). A wedge K is called a cone if in
addition (−K) ∩K = {0}. A cone K is called solid if IntK /= ∅. If K is a cone,
an ordering “” on E is defined by x  y : ⇐⇒ y − x ∈ K . If x  y, the order
interval [x, y] denotes the set of all z ∈ E such that x  z  y. A cone K is called
normal if there exists γ  1 such that 0  x  y ⇒ |x|  γ |y|. In case dimE <∞
each cone is normal.
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The dual wedge of K , denoted by K∗, is defined as the set of all continuous linear
functionals ϕ on E such that ϕ(x)  0 (x  0). In case that K is solid, K∗ is a cone.
Let X be a real Banach algebra with unit 1 ordered by an algebra cone K˜ . A cone
K˜ ⊆ X is called an algebra cone if K˜ · K˜ ⊆ K˜ and 1 ∈ K˜ . In the sequel let σ(a),
r(a) and τ(a) denote the spectrum, the spectral radius and the right spectral bound
of a ∈ X, respectively, obtained by complexification of X.
Let L(E) denote the algebra of all continuous endomorphisms on E. In case that
K is solid let L(E) be ordered by the algebra cone K˜ := {T ∈ L(E) : T (K) ⊆ K}.
Let D ⊆ E. A function f : D → E is called quasimonotone increasing (in the
sense of Volkmann [22]), qmi for short, if
x, y ∈ D, x  y, ϕ ∈ K∗, ϕ(x) = ϕ(y) ⇒ ϕ(f (x))  ϕ(f (y)).
Let Q+ := {a ∈ X : exp(ta)  0 (t  0)}, Q− := −Q+ and Q± := Q− ∩Q+.
The elements of K˜ are called positive and the elements of Q+ sometimes are called
quasipositive.
In case X = L(E), as a consequence of results on differential inequalities [22], it
is known that A ∈ Q+ ⇐⇒ x → Ax is qmi.
In the finite dimensional case, the most common cone is Knat := {x ∈ Rn : xj 
0 (j = 1, . . . , n)}. Then Q+ is the set of all matrices A = (aij ) ∈ L(Rn) for which
aij  0 (i /= j ), that is Q− is the set of Z-matrices. If A ∈ Q+ and if τ(A) < 0 then
−A is an M-matrix. Moreover Q± is the set of diagonal matrices.
The generalization of positive matrices, Z-matrices and M-matrices to operators
in ordered Banach spaces was studied by several authors, see for example [14,16–19]
and the references given there. We will present here some renderings of results on
operators on ordered Banach spaces to the Banach algebra setting.
2. Properties ofQ+
Let (X, K˜) be a ordered Banach algebra with unit 1. Let
H+ := {a ∈ X : a + λ1  0 for some λ ∈ R},
H− := −H+, H± := H+ ∩H−, and note that H+ ⊆ Q+.
Then K˜ , Q+ and its elements have the following properties, see [12] for Theo-
rem 1 and [5] for Theorem 2.
Theorem 1. Let K˜ be normal, and a, b ∈ X. Then
(1) 0  a  b ⇒ r(a)  r(b);
(2) a  0 ⇒ r(a) ∈ σ(a).
Theorem 2
(1) Q+ is a wedge;
(2) Q± is a closed subspace of X (i.g. not a subalgebra but a Lie algebra);
(3) H± is a closed subalgebra of X, and commutative if K˜ is normal;
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(4) a ∈ Q+, τ (a) < 0 ⇒ a−1  0;
(5) a ∈ Q+ ⇐⇒ x → ax is qmi ⇐⇒ x → xa is qmi;
(6) Q+ = H+ =⋂ϕ∈K˜∗:ϕ(1)=0{a ∈ X : ϕ(a)  0};
(7) a ∈ H± ⇒ ±a + r(a)1  0;
(8) If K˜ is polyhedral (finite intersection of half spaces) then H+ = Q+;
(9) a ∈ Q± ⇒ a2 ∈ Q+;
(10) a ∈ Q+ ⇐⇒ limh→0+ h−1 dist(1 + ha, K˜) = 0;
(11) If K˜ is normal then: a ∈ Q+ ⇒ τ(a) ∈ σ(a).
Remark. As for operators, it holds that a ∈ Q+ if and only if (a − λ1)−1  0 for
λ sufficiently large.
Under suitable conditions on the coefficients it is possible to obtain quasimonot-
onicity of Riccati operators in ordered Banach algebras.
Let a, b1, b2, c1, c2, d ∈ X and consider the function f : X → X defined by
f (x) = xax + b1x + xb2 + c1xc2 + d .
Theorem 3
(1) Let a, c1, c2 ∈ K˜ and b1, b2 ∈ Q+. Then f restricted to K˜ is qmi.
(2) Let a ∈ Q± ∩ K˜, b1, b2 ∈ Q+ and c1, c2 ∈ K˜. Then f restricted to Q+ is qmi.
Remarks
(i) Quasimonotonicity of f together with invariance results for x′ = f (x) lead
to monotonicity properties of the solutions of Riccati differential equations,
see [7]. Starting with Reid [13] various authors have studied Riccati differen-
tial equations in ordered spaces, see for example [21] and the references given
there.
(ii) Note that a ∈ Q± ∩ K˜ in part (2) is a rather restrictive condition, in many cases
only a = λ1 (λ  0) is allowed. On the other hand Q+ is always bigger than K˜ ,
and at least x → x2 is qmi on Q+ for every ordered Banach algebra.
Proof. It is obvious that x → b1x + xb2 + c1xc2 + d is qmi onX, see Theorem 2.5,
so we only consider the quadratic term. In (1) the mapping x → xax is increasing on
K˜ and we are done. In (2) let x  y and ϕ ∈ K˜∗ with ϕ(x) = ϕ(y). Since a  0 we
have ax  ay and xa  ya. Since a ∈ Q±, Theorem 2.5 proves ϕ(ax − ay) = 0
and ϕ(xa − ya) = 0. Hence, again by Theorem 2.5 ϕ(xax)  ϕ(xay) since x ∈
Q+, and ϕ(xay)  ϕ(yay) since y ∈ Q+. 
3. Examples
(1) For E = Rn ordered by Knat we have H+ = Q+, and Q± is the set of diago-
nal matrices.
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(2) Consider Rn ordered by the ice-cream cone
Kice :=
{
x ∈ Rn : xn 
√
x21 + · · · + x2n−1
}
,
and let S ∈ L(Rn) denote the matrix diag(1, . . . , 1,−1). According to [20] A ∈ Q+
if and only if
SA + ATS + λS is negative semidefinite
for some λ ∈ R. Moreover A ∈ Q± if and only if aii = ajj (i, j = 1, . . . , n), aij =
−aji (1  i < j  n− 1) and ain = ani (1  i  n).
Remarks
(i) The cone Kice is solid and K∗ice = Kice.
(ii) In this example a structural difference to Knat is, that in general for A ∈ Q+ the
matrices A+ λI are not positive, no matter how big λ > 0 is chosen, see [9,18],
that is H+ /= Q+ in this case. Moreover H± = {λI : λ ∈ R}.
(3) Let n  2 be even, and consider the space Pn of all polynomials q(x) = a0 +
a1x + · · · + anxn ordered by the cone
Kpol := {q ∈ Pn : q(x)  0 (x ∈ R)}.
Let the operators Ai ∈ L(Pn) (i = 1, . . . , 4) be defined as
A1 = I, A2q = q ′, (A3q)(x) = xq ′(x), (A4q)(x) = nxq(x)− x2q ′(x).
According to [6] we have Q± = span {A1, . . . , A4}.
Remarks
(i) Here Kpol is solid. In case that n is odd Kpol is not solid and Q± = span{A1, A2,
A3} [6].
(ii) If A ∈ Q± then A2 ∈ Q+, see Theorem 2.9, hence for example q → A22q = q ′′
is in Q+.
(4) Let K ⊆ E be a solid cone and let T ∈ L(E) be invertible. Then KT :=
T (K) is a solid cone and QT+ = TQ+T −1. The case E = Rn, K = Knat, T =
diag(σ1, . . . , σn), σk = ±1 refers to the so called alternating cones.
(5) Let K1,K2 ⊆ E be solid cones such that K3 = K1 ∩K2 is solid. Then Q1+ ∩
Q2+ ⊆ Q3+.
(6) LetK1, . . . , Km ⊆ E be solid cones, and letEm be ordered byK =∏mj=1 Kj .
Let A = (Aij ) ∈ L(Em). Then A ∈ Q+ if and only if Ajj ∈ Qj+ (j = 1, . . . , m)
and Aij (Kj ) ⊆ Ki (i /= j ), that is Aij : (E,Kj )→ (E,Ki) is increasing.
(7) Consider the Banach algebra X = l1(Z), ‖a‖ =∑k∈Z |ak|, with multiplica-
tion (a ∗ b)k =∑j∈Z ak−j bj , and with unit 1 = (δ0k)k∈Z. For example K˜ = {a ∈
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X : ak  0 (k ∈ Z)} is an algebra cone, and obviously H+ = {a ∈ X : ak  0 (k ∈
Z, k /= 0)}. Since H+ is closed Q+ = H+, and Q± = span{1}.
4. One-sided estimates
Let X = L(E), let K be solid and normal (then K˜ is a normal cone), fix p ∈
IntK , let ‖ · ‖ denote the Minkowski functional of the order interval [−p, p], which
defines an equivalent norm on E. For example in E = Rn, Knat and p = (1, . . . , 1)
leads to the maximum norm, and Kice and p = (0, . . . , 0, 1) leads to ‖x‖ = |xn| +
(x21 + · · · + x2n−1)1/2. By ||| · ||| we denote the corresponding operator norm on
L(E). Let m+[x, y] and M+[A,B] denote the directional derivatives
m+[x, y] = lim
h→0+
‖x + hy‖ − ‖x‖
h
,
M+[A,B] = lim
h→0+
|||A+ hB||| − |||A|||
h
.
For the basic properties of these functions see for example [11, p. 43]. For A ∈ L(E)
let γ (A) := M+[I, A], and note that γ (A+ B)  γ (A)+ γ (B) and τ(A)  γ (A)
(A,B ∈ L(E)).
The next results connect one-sided estimates for elements of K˜ and Q+ with esti-
mates for r(A) andγ (A). For Theorem 4 compare [8, p. 82], and for Theorem 5 see [3].
Theorem 4. If A ∈ K˜ and Ap  λp then r(A)  λ.
Theorem 5. Let A ∈ Q+. Then
(1) Ap  λp ⇐⇒ γ (A)  λ ⇐⇒ m+[x,Ax]  λ‖x‖ (x ∈ E);
(2) min{λ ∈ R : Ap  λp} = m+[p,Ap] = γ (A).
Examples
(1) In the Gauß–Seidel method one is interested in the spectral radius of operators
of the form L−1U . Several authors have studied monotonicity methods for iterative
solutions of linear systems of equations, see for example [1,10,17] and the references
given there. The following example is just intended to illustrate Theorem 4 and is
related to the results in [17, p. 104ff].
Let U  0 and L ∈ Q+. If λ < 0 and µ  0 solve Up  µp and Lp  λp then
r(−L−1U)  −µ/λ, in particular
r(−L−1U)  −γ (U)
γ (L)
.
Proof. From Theorem 5 we get γ (L)  λ < 0. Hence, by Theorem 2.4 we have
L−1  0.
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Since Lp  λp we have −p  −λL−1p, that is −L−1p  −p/λ, and together
with Up  µp we get
−L−1Up  −µL−1p  −µ
λ
p.
Since −L−1U  0 Theorem 4 leads to
r(−L−1U)  −µ
λ
. 
(2) Let A ∈ Q± and α > 0 such that Ap  −αp. Consider E2 ordered by the
cone
K0 := {(x, y) ∈ E2 : x  0, Ax  ±y}.
Then K0 is a solid cone ((p, 0) ∈ IntK0) and the mapping T ∈ L(E2), T (x, y) =
(y,A2x) is in Q0+. This operator is of interest for example for the study of linear
second order equations, see [4]. We have
T (p, 0) = (0, A2p)  λ(p, 0)⇔ λ  0, λAp  ±A2p ⇐ λ  0,
−λαp  ±A2p ⇐ λ  1
α
‖A2p‖.
Hence, for λ > ‖A2p‖/α(−λI I
A2 −λI
)−1
 0.
(3) At the Oberwolfach meeting on Nonnegative matrices, M-matrices and their
generalizations Tobias Damm draw my attention to the following case. Let E be
the Banach space of all real symmetric n× n matrices ordered by the cone K =
{A ∈ E : A is positive semidefinite}. Here K is a solid cone and it is known that
T ∈ L(E) is in Q+ or Q± if it is of the form T (A) = CTAC or T (A) = CTA+ AC
(for some C ∈ Rn×n), respectively, see [2,15]. In the second case Theorem 5, to-
gether with I ∈ IntK and T (I) = CT + C  τ(CT + C)I , implies τ(T )  γ (T ) 
τ(CT + C). Hence (T − λidE)−1  0 for λ > τ(CT + C).
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